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and the monomeric friction coefficient which control the 
diffusion of homopolymers into homopolymer diffusion. 
It has also been shown that the rate of solvent evaporation 
and annealing treatments of the host copolymer markedly 
influence the structure as seen by changes in the transport 
properties. Finally, reorganization processes may occur 
at the homopolymer-copolymer interface or in the bulk. 
However, the time scales for this are very much different 
than t h a t  of the diffusion process. 
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ABSTRACT Extensive predictions are presented to illustrate the ability of linear viscoelasticity and oscillatmy 
flow birefringence experiments to characterize long-chain structure in flexible homopolymers. The predicted 
dilute-solution, low-shear-rate dynamic properties are based on a recent generalization of the bead-spring 
model that enables such properties to be computed efficiently for any chain of identical beads connected by 
Hookean springs. Highly symmetric chains with linear, star, H, comb, ring, or cyclic-comb geometry are 
emphasized. Ways to identify samples with these geometries from their solution properties are presented, 
as well as ways to characterize the sizes of the branches and backbone, the number of branches, and location 
of branches attached to the backbone. Characterization is expected to be difficult only for small chains and 
for the determination of the number of branches in star or starlike chains when it exceeds about 8. 

I. Introduction 
Long-chain branches attached to straight-chain or cyclic 

backbones are common and distinctive structural features 
of macromolecules and yet their characterization, in terms 
of branch and backbone size or the number and location 
of the branches, remains challenging even for the simplest 
highly symmetric chains. T h e  potential of solution dy- 
namics measurements for characterization of such struc- 
tural features was recognized long ago. However, only in 
the  last 15 years have there been sufficient advances in 
both the measurement and quantitative prediction of so- 
lution dynamics to enable a pragmatic evaluation of this 
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potential. Flow properties such as the  complex viscosity 
coefficient v* (linear viscoelasticity (VE) experiments1*) 
and the complex mechanooptic coefficient S* (linear os- 
cillatory flow birefringence (OFB) experiments=) can now 
be measured over many decades of shearing frequency with 
sufficient accuracy to be extrapolated to infinite dilution; 
such data are  required t o  probe the  wide range of t ime 
scales associated with conformational motions of macro- 
molecules in solution and to interpret long-chain structure 
from dynamic properties in which interchain interactions 
are negligible. Bead-spring models are now formulatedgJO 
to enable predictions of such properties t o  be efficiently 
and  accurately computed for a n  idealized flexible homo- 
polymer chain of any  geometry, for chains of finite size, 
and  for any degree of hydrodynamic interaction; these 
computations are needed for the assessment of long-chain 
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structural features from data measured in 8 and non-8 
solvents. In this paper selected results of these compu- 
tational methods are presented to illustrate the ability of 
VE and OFB experiments to characterize long-chain 
structure in flexible homopolymers. The predictions are 
for regular chains with linear, star, H, comb, ring, and 
cyclic-comb chain geometries. High molecular weight 
homopolymer samples of such chains with narrow poly- 
dispersities, most applicable to these predictions, have been 
prepared or are synthetically feasible. A section is devoted 
to each chain geometry, exploring the effect on the solution 
dynamics of the number, size, and location of straight- 
chain branches attached to a straight-chain or cyclic 
backbone; modifications of these effects caused by varia- 
tion of the degree of hydrodynamic interaction are also 
studied. All predicted properties for such idealized chains 
are computed exactly so that any discrepancy between 
them and those measured may be attributed to deficiencies 
in the model and not to computational approximation. 
Experimental verification of many predictions reported 
here for star and comb geometries is contained in the third 
paper20 of this series; it reports quantitative comparisons 
of theoretical predictions and experimental infinite-dilu- 
tion OFB properties. As reported here and in earlier work 
summarized in the next section, properties computed ex- 
actly are found to fit measured properties quite well. 

11. The Bead-Spring Model 
Except for stars with more than eight arms, predictions 

of the frequency dependence of q* or S* for isolated chains 
with linear, regular star, or regular comb geometry, based 
on the bead-spring model (BSM), ~ o m p a r e ~ * - ~ J - ~ ~  excel- 
lently with experimental measurements (extrapolated to 
infinite dilution) after the solvating medium contributions 
are properly accounted for. The predictions are best for 
samples of amorphous homopolymers with narrow poly- 
dispersities which contain flexible chains with uniform 
tacticity and simple geometry. Good solvent conditions 
are also preferable based on experimental observations of 
solvating environment e f f e ~ t s . ~ ~ * ~ ~ - ~ ~  From these com- 
parisons we expect BSM predictions will similarly describe 
the properties of homopolymers having more complicated 
long-chain structure as long as the extent of branching at 
each branch site remains moderate (<lo). 

The bead-spring model used here represents a flexible 
homopolymer as a chain of identical spherical beads con- 
nected by identical springs. It incorporates springs with 
a Hookean force law, the “preaveraging” treatment of 
hydrodynamic interaction, and Gaussian statistics. In- 
terchain interactions and sample polydispersity are not 
considered. Although there are several important versions 
and formulations of this mode1,9’21-28 all predictions shown 
here are from a recent formulationlo applicable to any 
assortment of beads and springs that enables computation 
of properties of such idealized chains with the exact ei- 
genvalue algorithm used by Lodge and W U . ~  The effi- 
ciencies gained from use of a formulation applicable to this 
algorithm have facilitated the computation of the prop- 
erties of large macromolecules; properties of chains con- 
taining up to 3000 springs-typically corresponding to 
about lo’ in molecular weight-can be easily computed. 
Moreover, it is also possible to compute the exact prop- 
erties of still larger chains for linear, regular star, regular 
H, or ring geometries since new block-diagonal forms of 
L have been obtained.l0 

A. Small-Amplitude Oscillatory Flow Properties. 
The spatially invariant rate of shear 4 in small-amplitude 
oscillatory flow experiments (narrow gap limit)29 varies 
sinusoidally in time with angular frequency w and am- 
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plitude +O. The complex mechanooptic coefficient S*, the 
complex viscosity coefficient q*, and the dynamic shear 
modulus G* of such flow experiments are predicted to be 

TP 
S* = q’nb2Z- + Se p 1 + iwrp  

TP 
q* = nkTC- + qe 

p 1 + iwrp 

1 W P  

p 1 + iwrp 
G* = nkTZ- + iwq, (3) 

with q’an optical factor, n the number density of chains 
in solution, b2 the mean-square distance between connected 
beads in a nonflowing solution, k the Boltzmann constant, 
T the absolute temperature, rp the relaxation time for the 
pth mode, i = (-1)1/2, and C p  indicating a sum over all N 
normal modes. S, and qe are frequency-independent terms 
usually dominated by chain environment contributions; 
historically they have been assumed to be identical with 
bulk solvent properties (S ,  and 7,) or +Sa and $7, where + is the volume fraction of solvent, although recent ex- 
perimental work shows these to be incorrect, in general. 
For the special case of an isorefractive homopolymer/ 
solvent system, the optical factor is related to the index 
of refraction n, of the solvent and the intrinsic optical 
anisotropy (a1 - a2) of the Kuhn statistical segment by 

4x (n,2 + 2)’ a1 - a2 
(4) 

45 n, b2 
In general, each relaxation time rp is inversely propor- 

tional to A,, one of the N positive and possibly degenerate 
eigenvalues of the real symmetric matrix L.l0 

q ’ =  - 

b2r 
rp = - 

6kTAp 

Here {is the bead friction coefficient. The relaxation times 
are customarily assembled in decreasing order (rl 1 r2 1 
... rN). As demonstrated in section IV, the spacings of the 
relaxation times (or A,) can be dramatically affected by 
chain size and chain geometry, and to a lesser extent by 
the degree of hydrodynamic interaction; the number of 
relaxation times is only affected by chain size. The ways 
to accurately compute all of the A, are limited; the problem 
becomes acute as the complexity of the chain increases, 
especially when intermediate degrees of hydrodynamic 
interaction are involved. These computations are the 
subject of section 111. 

B. Intrinsic Properties and Their Reduced For- 
mats. The portion of the solution dynamics intrinsic to 
idealized isolated chains is obtained via the following ex- 
trapolations to infinite dilution: IS*], = limd (S* - S e ) / c ,  
[v*Ih = lime-,, (q* - q e ) / q e C ,  and [G*lh h-,, ( M /  
cRT)(G* - iwq,). [s*]A, [q*Ia, and [G*], are coefficients 
called the modified intrinsic birefringence, modified in- 
trinsic complex viscoelasticity, and modified intrinsic re- 
duced dynamic shear modulus, respectively; R is the ideal 
gas constant, N, is Avagadro’s number, M is the molecular 
weight of the idealized chain, and c is the polymer con- 
centration in grams per milliliter. BSM predictions are 
most applicable to these infinite dilution properties. Ex- 
perimentally, S, and qe have recently been approximated 
by S ‘- or q’--frequency-independent solution properties 
observed at high frequency. These quantities appear to 
be the proper frequency-independent quantities to isolate 
the chain dynamics contribution for most solutions, al- 
though this is the subject of current 
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Expressing these coefficients in phasor format is of 
particular interest since the angles [e,] and [@A], obtained 

{-i[@A]), are very sensitive to the effects of long-chain 
structure. From eq 1 and 2 the magnitude [Sm] and angle 
[e,] of the intrinsic birefringence are predicted to be 

from [ s * l A  = [ S M A l  exP(+i[eAl) and [)?*]A = [VMAl exp 

[ S M V l  = 

and the magnitude [VMA] and angle [@A] of the intrinsic 
complex viscoelasticity to be 

i [@A] = +tan-’ (9) 

The similarity of both sets of expressions indicates the 
complementary nature of OFB and VE properties expected 
for flexible homopolymers; the frequency dependence of 
the magnitudes should be the same (neglecting propor- 
tionality constants) and the angles should be linearly re- 
lated at  each frequency by 

(Differences in the sign of q’for several polymers inves- 
tigated t~ date have been particularly helpful in separating 
contributions of the chain from those of the solvent?) The 
predicted similarities in OFB and VI3 properties are even 
more pronounced when they are expressed in a reduced 
format obtained by dividing each coefficient by its low- 
frequency limiting value. 

[e,] -[@A] * (1 - q ’ / l q ’ l ) r / 2  (10) 

[SOIA = 2 [ s * ] A  = [SMAOI exp(+i[eAO]) 

[Vola = !$ [q* lA  = [VMAOl exp{-i[@Ao]) 

(11) 

(12) 

The resulting expressions for the reduced magnitudes and 
angles are 

When defined in this way, the reduced angle for both the 
OFB and VE properties varies between 0 and +goo. The 
advantages of wing these reduced formats are 2-fold. First, 
the effects of (bead-spring) chain structure and hydro- 
dynamic interaction are highlighted, since the reduced 
formats are only functions of the set of N eigenvalues. 
Second, since predictions for the reduced OFB and VE 
properties are identical, either OFB notation (employed 
here) or VE notation may be used interchangeably. (Note 
that although both experiments are predicted to provide 
identical long-chain characterization information, OFB 
data frequently have been more useful because the envi- 
ronmental contribution (S,) for birefringence data is usu- 
ally a much smaller fraction of the measured properties 
than is the corresponding quantity (q,) for viscoelasticity.6 
Currently, OFB instrumentation is not commercially 
available; VE instrumentation is available but it is not 
designed to provide dilute-solution properties with the 
precision or accessible frequency range required for 
characterizations of the long-chain structure of interest 
here. The precision of VE instrumentation and the asso- 
ciated computerized data acquisition systems in this lab- 
oratory have recently been upgraded; the resultant mea- 
surement precision (ca. 0.1% deviation) is such that VE 
and OFB characterization capabilities are now compara- 

C. Parameters Representing Long-chain Structure 
and Hydrodynamic Interaction. The intrinsic prop- 
erties in reduced format are a function of the N eigenvalues 
of the L matrix and therefore only depend on the (bead- 
spring) chain structure and the degree of preaveraged 
hydrodynamic interaction. The structure of chains with 
linear, regular star, regular H, regular comb, ring, and 
regular cyclic-comb geometries is represented with one or 
more of a set of three dimensionless parameters. The set 
of chain structure parameters used here-f, nb, and no- 
best describe chains composed of straight-chain branches 
of equal size attached at regular intervals to a straight- 
chain or cyclic backbone. The number of branches atta- 
ched to the backbone is f, while nb is the number of beads 
in each of the branches (excludes the bead at  the branch 
site), and no is the number of backbone beads between 
adjacent branches (excludes the beads at the branch sites). 
The functionality of branch sites is 3 for the two sites in 
H chains, 3 for the f branch sites in combs and cyclic 
combs, and equal to the number of branches V, for the 
single site in stars. Chains with linear and ring geometries 
are simply represented with no; chains with regular star 
geometry are represented with f and nb; and chains with 
regular H geometry are represented with nb and n,. Combs 
and cyclic combs use all three parameters. A summary of 
the chain structure parameters for six simple chain geom- 
etries and of the total number of beads Nb, springs N,, 
normal modes N, and springs in the longest contiguous 
span NSF is found in Table I. The use of such parameters 
is illustrated in Table 11. All represent long-chain 
structural features of homopolymers which are potentially 
deducible from fits of theoretical predictions to measured 
dilute-solution dynamic properties. 

The degree of hydrodynamic interaction is specified by 
the dimensionless parameter h* of Thurston and Peterlin.= 
It is used here regardless of the beadspring chain struc- 
ture. 

bie.1+3131) 

It is preferred over the h originally used by Zimm= because 
it is expected to be independent of chain size. The so- 



called “free-draining” and “non-free-draining” limits of h* 
are approximately 0.00 and 0.25, respectively. (The h* = 
0.00 limit is not physically realistic since it implies there 
is no viscous dissipation of energy (l = 0) by the chain. 
Thus whenever h* is shown equal to zero, it implies the 
limit h* -+ 0.) The non-free-draining limit was estimated 
by O ~ a k i ~ ~  for linear chains and, as it turns out, this es- 
timate is very good for any chain composed of identical 
beads connected by identical Hookean springs. 
111. Computation of Eigenvalues 

The eigenvalues of L are computed numerically with a 
general algorithm applicable to any real, symmetric, and 
possibly singular matrix. Eigenvalues are computed di- 
rectly from L and/or from more concise, block-diagonal 
forms for linear, regular star, regular H, or ring chains. The 
eigenvalue algorithm and estimates of eigenvalue accuracy 
are described below. The algorithm is basically that used 
by Lodge and Wu9 for linear chains; it has been altered 
for use on a Harris/7 or VAX 8600 computer and to de- 
crease its virtual memory requirements so that properties 
of very large chains can be computed. 

A. The QR Algorithm. The f i t  step in the algorithm 
is the transformation of the symmetric matrix of order N ,  
into tridiagonal form. It is accomplished with N, - 2 sim- 
ilarity transformations by using Householder matrices.34 
The algorithm takes advantage of the symmetry of both 
L and the Householder matrices. Only the lower triangular 
portion of L is stored and matrices are multiplied without 
ever storing more than a single row of elements for each 
Householder matrix. Even with these efficiencies the 
tridiagonalization requires much more memory and many 
more computations than the subsequent iterative portion 
of the eigenvalue algorithm. The second step in the al- 
gorithm is the transformation from tridiagonal to diagonal 
form with the QR method and shifts of origin.% Each shift 
accelerates the convergence of the lower right off-diagonal 
element to zero. After several iterations, the lower right 
off-diagonal element becomes less than a specified mini- 
mum residual; the lower right diagonal element is then 
saved as an eigenvalue and the order of the matrix is re- 
duced by one. This process is repeated N, - 1 times, and 
the N ,  eigenvalues are then sorted into increasing order. 
For chains with N ,  cyclic structures, the first N, eigen- 
values are essentially zero and indicate the number of times 
the set of N, connector coordinates are linearly dependent. 
These N ,  eigenvalues are discarded and the remaining 
eigenvalues renumbered. We have observed that all ei- 
genvalues computed in this manner for Gaussian bead- 
spring chains are positive or zero regardless of chain ge- 
ometry for h* between 0.00 and 0.25. Negative eigenvalues 
can appear when h* approaches or exceeds 0.30. 

B. Reliability and Accuracy. The reliability of the 
FORTRAN software5 used to generate L and compute its 
eigenvalues was checked in several direct and indirect 
ways. The direct ways all employed the limited number 
of closed-form eigenvalue expressions currently available 
only for rings;35 chains with linear, regular star, or regular 

Table I1 
Examples of Usage of Bead-Spring Chain Structure 

Parameters 
molecular geometry f nh no chain structuren 

linear 

ring 

regular star 

regular comb 

regular H 

regular cyclic 
comb 

0 4 
0 6 
0 4 

0 6 

3 2  

4 1  

3 2 0  

2 3  1 

4 1 0  

4 3  1 

3 2 0  

2 3  1 

0-0-0-0 

o-o-o-o-o-o 

0-0 

0-0 

o-o-o 

o-o-o 
0-0-0-0-0 

0 

I 1  

f I  

I 
I 

0 

o-o-o 

0 

0-0-0 

0 0 0  

0 0 0  

0-0-0-0-0 

0 0  

I 
1 

1 1 1  
i l l  

I 1  

1 1  
0 0  I I  

0 0  

o-o-o 
o-o-o 1 
o-o-o-o-o-o-o 

0 

o-o-o-o-o-o-o 

1 
I 

o-o-o-o-o-o 

y 
i 
0 

i 
o/o\ 

O-O 
0-0-0- 

0 and - represent a bead and a connector vector, respectively. 

H geometries under free-draining hydrodynamic interac- 
tion conditions; or chains composed of up to about eight 
springs. Other checks of software reliability include ver- 
ifying that (1) the eigenvalues of L and its more concise 
block-diagonal forms for linear, regular star, regular H, and 
ring chains are the same; (2) the eigenvalues of a chain are 
independent of the numbering of the beads and springs 
(e.g., an f-armed regular star with nb beads per arm has 
the same eigenvalues when represented as a structure 
composed of a single backbone bead with f arms attached 
to it or as a structure composed of 2nb + 1 backbone beads 
with f - 2 arms attached to the center backbone bead); (3) 
the eigenvalues of very large linear, regular star, or ring 
chains in the non-free-draining limit agree with well-known 
results based on integrodifferential equations; and (4) the 
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eigenvalues (and functions of eigenvalues) for linear, reg- 
ular star, and comb geometry agree with those report- 
ed9926v2713638 previously. 

Eigenvalue accuracy was investigated with closed-form 
eigenvalue expressions and with computations at the 
various levels of numerical precision available to the 
particular computer in use. Any error found is attributable 
to round-off error since all mathematical operations em- 
ployed are exact. Regardless of chain size, geometry, or 
degree of hydrodynamic interaction the accuracy of the 
eigenvalues on the Harris/7 is (or f10-15) when real 
numbers are represented in double (or quadruple) preci- 
sion with 34 (or 70) bit mantissas and 8 (or 24) bit expo- 
nents. For the majority of the eigenvalues (1 < A, < 10) 
this translates into 8 (or 16) significant figures. However, 
the relative accuracy of the smaller eigenvalues (0 < A, < 
1) decreases as A, - 0. These smaller eigenvalues are very 
important because they dominate the low-frequency dy- 
namic properties and contain most of the chain geometry 
characterization information. To estimate the number of 
significant figures for these eigenvalues the worst case was 
chosen-the smallest eigenvalue of a free-draining linear 
chain. The closed form expression for this eigenvalue is 

and no chain has a smaller eigenvalue if it is composed of 
N, springs or less, or if its longest contiguous span is less 
than N ,  springs. Using the absolute accuracies provided 
above, this eigenvalue would be accurate to three signifi- 
cant figures a t  an N, of 993 (or 9.9 X lo7) if it was com- 
puted in double (or quadruple) precision. Thus for smaller 
chains all eigenvalues would be correct to three or more 
significant figures. These concepts were used to ensure 
all properties reported were based on eigenvalues accurate 
to a t  least three significant figures. Copies of the 
software-or the eigenvalue spectra used to generate the 
reduced dynamic properties reported here-are available 
on request. This software is applicable to any comb or 
cyclic comb and not just to the six chain geometries re- 
ported here; we have found this feature useful for inves- 
tigating the properties of irregular chains, which are in- 
variably present to some degree as polydispersity compo- 
nents in real samples. 

IV. Predictions of the Effects of Long-chain 
Structure 

The effects of long-chain structure and hydrodynamic 
interaction on the frequency dependence of [ s * ] A /  [solA 
are computed with eq 13 and 14. The chain structural 
features of most interest are the sizes of straight-chain or 
cyclic backbones, the number and size of straight-chain 
branches attached to the backbone, and the size of the 
(regular) interval between the branches. The logarithm 
of the reduced magnitude log ( [ s M A ] / s M A o ] )  and the re- 
duced angle -([e,] - [@A,)]) are both plotted as ordinates 
against the logarithm of the reduced angular shearing 
frequency log (wr l ) .  The frequency dependence of the 
angle is much more sensitive to the effects under study and 
therefore is highlighted in all of the remaining sections. 

to 
10’. Intrinsic to this range are three frequency regimes that 
are separated by two transition zones near wrl = 1 and or1 
= rl/rN The regime between these transition zones is 
most important for the investigation of long-chain struc- 
ture. Qualitatively, the magnitude of [ s* ]A/  [&]A decreases 
monotonically from unity to zero with increasing fre- 
quency. The slope of the descent is smallest at low fre- 

In each plot the reduced frequency ranges from 

quency, becomes markedly steeper in each transition zone, 
and reaches a maximum at high frequency where the 
magnitude becomes inversely proportional to frequency. 
Concomitantly, the reduced angle gently rises from Oo at 
low frequency, climbs steeply in the first transition zone, 
levels to a “plateau” region, climbs steeply again in the 
second transition zone, and finally approaches its maxi- 
mum of 90° at high frequency. The “plateau” region may 
contain one or two sublevels (subplateaus) or have one local 
minimum and maximum at the lower frequencies. For the 
chain geometries investigated here, most often the angle 
changes monotonically with frequency; the local extrema 
are only found for highly branched (f > 4) stars, starlike 
(nO/nb << 1) combs, or cyclic combs when they have a wide 
gap in their relaxation time spectrum. Generally, the 
steepness of the angle curve in the low-frequency transition 
zone and the number of subplateaus and/or local extrema 
in the plateau region are predicted to be important features 
for identification of chain geometry. The width of the 
whole plateau characterizes the size of the longest conti- 
guous span within the chain; the width of the higher level 
high-frequency subplateau, when present, characterizes the 
intrachain length 2nb, 2nb + no + 1, or 2nb + (no + 1)(1 
- fl) (equivalent) springs depending on the chain geom- 
etry. The level of the plateau indicates the degree of 
hydrodynamic interaction and/or the functionality of the 
branch sites along the backbone. Increasing the degree 
of hydrodynamic interaction drops the level of the whole 
plateau; increasing functionality of the branch sites lowers 
the low-frequency plateau and gently raises the high-fre- 
quency plateau when both or one is present. 

To identify the transition zones and to help interpret 
predicted long-chain structural effects, a line spectrum of 
the set of discrete relaxation times is also shown on the 
plots. Each of the N vertical lines in the set represents 
a normal mode of motion of the bead-spring chain. The 
lines are drawn at points along the reduced frequency axis 
where w = 1/rP so that 

w71 = rl/rp = A,/A1 

for mode p ( p  = 1, 2, 3, ..., N). The spacing between 
adjacent relaxation times usually decreases with increasing 
mode number. The longer relaxation times are well sep- 
arated while the shorter are so closely spaced that they 
appear like a continuum on the plots. When degeneracies 
occur, the individual lines are drawn such that the height 
of the line is proportional to the degeneracy. 

The properties of several chains are always displayed 
on a single plot; a convention has been introduced to avoid 
explicit labeling of each relaxation time spectrum and each 
curve of reduced magnitude or angle. The model param- 
eters under study are listed to the left of each relaxation 
time spectrum; those parameters held fixed are shown in 
the box on the right side of the figure. The labeling for 
both the magnitude and angle curves is implied from the 
sequence in which the relaxation time spectra are drawn. 
It takes advantage of our usual choice to order the spectra 
such that their breadth increases the lower they are drawn. 
The sequence corresponds to the order of descending in- 
tersection if a vertical line were drawn at W T ~  = lo5; the 
first intersected angle (or magnitude) curve corresponds 
to the highest (or lowest) spectrum. The curves corre- 
sponding to the top spectrum are also distinct in that they 
are drawn with broken lines. The chain geometry is in- 
dicated with upper-case letters-L, S, H, C, R, CC-under 
the column heading CG. Use of a reduced frequency axis 
to display the properties of several chains on a single plot 
artificially aligns the r1 regime of each chain. Use of an 
absolute frequency axis (not shown) for the same set of 
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to 31' as h* increases from 0 to 0.30. 
For linear chains of at least 100 beads, the spacings of 

the longer relaxation times are weakly dependent on no. 
This dependence is illustrated in Figure 1. The spacings 
depend only on h* for infinitely long chains; they have 
been reported by Rousez2 and Zimma at the free-draining 
and non-free-draining limits, respectively. For the first 
six modes the r l / r p  ratios are 

and 
1, 4, 9, 16, 25, 36, ... 

1, 3.17, 5.99, 9.38, 13.2, 17.5, ... 

for h* = 0.00 

for h* = 0.25 
These results agree with our exact eigenvalue computations 
to two or more significant figures when no exceeds 100. 
They also indicate that r1 is larger than the other rp in long 
linear chains by a factor of 3 or more. 

The breadth of the relaxation time spectrum and/or the 
breadth of the plateau region can be characterized by the 
ratio r l / r N  = &/A1. This ratio is estimated for long chains 
at the two limiting degrees of hydrodynamic interaction 
by using expressions for infinitely long chains and noting 
from our computations at  finite N that the largest eigen- 
value AN is about 2.29 for N > 100 and h* = 0.25: 

r l / r N  = ( 2 / ~ ) ~ n 2  for h*= 0.00; no > 100 
= 0.567n01.5 for h* = 0.25; no > 100 

(18) 
The exponent drops from 2 to 1.5 and the prefactor rises 
from 0.405 to 0.567 as h* increases from 0.00 to 0.25. Both 
limiting power-law relationships indicate that the breadth 
has a much stronger dependence on no than on h*. 

This set of predictions suggests a method of assigning 
model parameters no and h* when fitting predictions to 
dynamic properties of very dilute solutions of monodis- 
perse samples of linear homopolymers. It is a method first 
r e c o g n i ~ e d ~ ~ ~ ~  and applied when only dilute-solution OFB 
properties were available to be fit by BSM predictions. 
The method works best when dynamic data measured in 
the same solvent are available for several samples repre- 
senting a wide range of molecular weights. First, h* is 
ascertained from the level of the low-frequency portion of 
the plateau region of the reduced angle curves unique to 
the high molecular weight samples of this polymer/solvent 
system. Second, no is varied while using the established 
h* until the breadth of the plateau is fit. Finally, it is 
verified that the frequency dependence of the reduced 
magnitude is also well fit for all molecular weights to en- 
sure self-consistency. Small levels of polydispersity within 
the sample will not interfere with the determination of h* 
since the plateau level is independent of chain size. 
However, polydispersity will affect the features of the 
low-frequency transition zone, making the assignment of 
(an average) no difficult. This occurs even for Mw/Mn 
levels as low as 1.3. Data showing that h* has at  most a 
weak dependence on chain size were first reported by 
Thurston and S ~ h r a g 3 ~ . ~  with OFB properties. Since then, 
with the availability of high-precision infinite-dilution 
properties," more accurate methods of obtaining BSM 
p r o p e r t i e ~ , ~ J ~ , ~ ~  and consideration of sample polydisper- 
~ i t y , ~  the lack of dependence of h* on chain size is well 
established for linear chains of polystyrene dissolved in 
good solvents. 

B. Regular Stars. The properties predicted for regular 
stars are shown in Figures 3-5. Each relaxation spec- 
trumZ4vz6 is composed of a set of n b  relaxation times that 
are (f - 1)-fold degenerate and a set of nb nondegenerate 
relaxation times. The longest relaxation time is degenerate 
and much larger than all others. The shortest is nonde- 
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GJ 71 
Figure 1. Effect of no on predicted properties for linear chains. 
Curves corresponding to the top spectrum are drawn with broken 
lines. The other curve8 are identified with the order of intersection 
of a descending vertical line drawn at wrl = lo5 and the height 
at which the spectra are drawn; the first intersected angle (or 
magnitude) curve corresponds to the highest (or lowest) spectrum. 
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Figure 2. Effect of h* on predicted properties for linear chains. 

chains, and preferably for the same degree of hydrody- 
namic interaction, would roughly align the shortest re- 
laxation time of each chain; the shortest relaxation time 
depends primarily on the degree of hydrodynamic inter- 
action rather than chain size or chain geometry. Predicted 
properties in this alternate format closely approximate the 
superposition of dynamic data measured for homopolymers 
dissolved in the same solvent. 

A. Linear Chains. The frequency dependence of 
[s*]A/[sO]A for several linear chains is illustrated in Figures 
1 and 2. These figures, as well as the next figures for 
regular stars, serve as references for later comparisons with 
predictions for the other chain geometries. Characteristic 
of linear chainsz3~39*40 are nondegenerate relaxation times, 
a longest relaxation time that is substantially larger than 
the others, and a single-level plateau region in the reduced 
angle. The reduced properties are functions of no and h* 
where no is proportional to the contour length of the 
backbone (the longest continguous span in the chain). The 
effects due to varying no are shown in Figure 1 at an in- 
termediate degree of hydrodynamic interaction. Increasing 
no increases the number of relaxation times and the 
spectral breadth, which causes the breadth of the plateau 
region to lengthen. The effects of h* are shown in Figure 
2 for chains with the same no. Increasing h* redistributes 
the spacings of the no - 1 relaxation times and compresses 
their overall breadth, lowering the level and reducing the 
breadth of the plateau region of the angle curves. The level 
of the low-frequency portion of the reduced-angle plateau 
for large chains (no > 100) is of interest because it depends 
only on h*; at W T ~  = 10, i t  starts at about 41' and drops 
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Figure 3. Effect off on predicted properties for regular stars. 
Curves corresponding to the top spectrum are drawn with broken 
lines. The other curves are identified with the order of intersection 
of a descending vertical line drawn at W T ~  = loo and the height 
at which the spectra are drawn. 

n I ~ l ~ ~ 1 1 I ~ 1  I 1 1 1 1 1  1 1 1 1 1 1 1  1111111 I 1 1 1 1 1 1  I II1111 I 1 1 1 1 1  I 1 1 1 1 1 1 1  I llllll I llllil 

\\\ 250 

100" 
n 

8 0 ° 0  

4 
60" 

I 
40°m4 

0 
z o o =  

I 
0" 

Figure 4. Effect of nb on predicted properties for regular stars. 
Curves corresponding to the top spectrum are drawn with broken 
lines. The other curves are identified with the order of intersection 
of a descending vertical line drawn at W T ~  = lo5. 

generate and is distinctively smaller than the rest whenever 
f > 2. The rest alternate such that each nondegenerate 
mode falls between adjacent degenerate modes. The 
plateau region of the reduced angle is also unique for 
regular stars. Usually this region has just a single level 
which is equal to or higher than that observed for linear 
chains of similar size (no = 2nb + 1) and degree of hy- 
drodynamic interaction. Sometimes there is a small local 
minimum and maximum in the low-frequency portion of 
plateau region. These extrema are always separated in 
frequency by at least a half decade and the maximum 
always occurs at a lower frequency. More generally, these 
extrema are characteristic of starlike chains with at least 
five arms attached very close to or a t  the same point. 

The reduced properties of regular stars depend on f ,  nb, 
and h*. The effects off,  the number of straight-chain 
branches attached to a central bead, on the dynamic 
properties are illustrated in Figure 3 for a set of chains with 
nb = 50 and h* = 0.15. The usual convention for the 
identification of the reduced angle curves is of little use 
here since the properties are indistinguishable at w1 = lo5; 
moving downward on a vertical line at  w1 = 1, the order 
of intersection now corresponds to f of 20, 8, 6,4, and 2. 
The least-branched star (f = 2) is a linear chain (no = 2nb 
+ 1). The effect on the relaxation time spectrum of in- 
creasing f is 2-fold: it increases the degeneracy of the 
degenerate relaxation times (without affecting their 
spacings) and it increases the spacings of the nondegen- 
erate relaxation times relative to T ~ .  The latter effect is 
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Figure 5. Effect of h* on predicted properties for regular stars. 

small for all but the shortest relaxation time which is not 
bounded by the adjacent set of degenerate relaxation times 
and is roughly inversely proportional to the functionality, 
f ,  of the single branch site. Both effects combine to raise 
the level of the plateau region of the reduced angle with 
increasing f. This level is used to characterize the value 
off  from measured dynamic properties. Its effectiveness 
for such characterizations is diminished for the more highly 
branched chains because [S*]A/  [ S O I A  depends weakly on 
f at large f (f > 10). This is an example of a more general 
BSM prediction-the functionality of each branch site 
within a chain is difficult to characterize via solution dy- 
namic properties in the "high-frequency" plateau region 
when it exceeds 8. The single-level plateau of regular stars 
is loosely called the "high-frequency" plateau because as 
regular H, comb, or cyclic-comb chains become more 
starlike (no/nb - 0) their low-frequency subplateaus vanish 
(see Figures 6,9, or 15) leaving only their high-frequency 
subplateaus. 

The effects of nb, the number of beads in each of the f 
straight-chain branches (proportional to the branch con- 
tour length), are shown in Figure 4 for eight-arm stars at  
an intermediate degree of hydrodynamic interaction. In- 
creasing nb increases the number and breadth of the re- 
laxation times and spectrum, respectively, which also ex- 
tends the breadth of the plateau region. For chains with 
long branches (nb 2 50) the spacings of the longer relax- 
ation times are almost identical and, as a result, the level 
of the low-frequency portion of the plateau depends weakly 
on nb. 

The effects of the hydrodynamic interaction parameter 
h* are illustrated in Figure 5 for a six-arm star (f = 6, nb 
= 50). Larger h* redistributes and compresses the breadth 
of the relaxation times; concomitantly the level of the 
plateau region of the reduced angle is lowered and its 
breadth is compressed. The level of the low-frequency 
portion of the plateau is independent of nb for chains with 
long branches (nb 2 50). For six-arm stars it drops from 
about 4 4 O  to 32" at  = 10 as h* increases from 0.00 to 
0.30. 

The breadth of the relaxation time spectrum of stars, 
ignoring its weakly contributing shortest relaxation time 
T N ,  is independent of f and can be computed from the 
expressions established for linear chains (eq 18, no 2nb): 

T ~ / T N  ( 4 / ~ ) ~ n b ~  for h*= 0.00; nb > 50 
?L! 1.60nb1*5 for h* = 0.25; nb > 50 

(19) 
As h* increases from 0.00 to 0.25 the exponent drops from 
2 to 1.5, but the prefactor remains virtually the same 
( ( 4 / ~ ) ~  = 1.62). The spectral breadth has a much stronger 
dependence on nb (branch length) than on h*. Similarly, 
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Figure 6. Effect of on predicted properties of regular H chains. 
Curves corresponding to the top spectrum (a regular star) are 
drawn with short broken lines. Curves corresponding to the linear 
chain are drawn with long broken lines. 

the spacings of the longest degenerate relaxation times of 
regular stars are the same as those for the odd-indexed, 
longest relaxation times of linear chains. Thus the longest 
relaxation time of stars is approximately six times larger 
than any other degenerate relaxation time. For highly 
branched stars the nondegenerate modes contribute little 
to [ S * ] A / [ S o ] A ,  and the wide spacing between the two 
longest degenerate modes is responsible for the charac- 
teristic extrema observed in the low-frequency portion of 
the plateau region. The extrema are most distinct when 
f and nb are large and h* is small. 

These predictions suggest a way to assign model pa- 
rameters, f and nb, to fit measured properties of mono- 
disperse samples of regular stars. The method requires 
a preliminary experiment, as described in section IV.A, to 
establish h* for the polymer/solvent system with linear 
chains, together with the assumption that h* is essentially 
independent off. Once h* is established, f is varied as 
needed to match the level of the low-frequency portion of 
the (reduced-angle) plateau region to fit the measured 
properties. Then, nb is adjusted to fit the breadth of the 
plateau. The same combination off, nb, and h* will result 
in a quantitative description of the frequency dependence 
of the reduced magnitude if the parameters are correct; 
this should be verified. Usually a small polydispersity in 
the number of branches will not affect the assignment of 
f, or nb, when (the average) f is large since [s*]A/[&]A has 
a weak dependence on f. Assigning nb when there is po- 
lydispersity in the branch length, however, can be very 
difficult even at  low levels of polydispersity. 
C. Regular H Chains. Predictions of the dynamic 

properties of regular H chains are illustrated in Figures 
6-8. Their properties are not always distinct from those 
of linear chains or four-arm regular stars, but when they 
are, nO/nb is between 2 and 10 and the plateau region of 
the reduced angle characteristically has two levels; the 
lowest level is found at  low frequency and never spans 
much more than a decade in frequency. The spectrum for 
regular H chains has a set of nb doubly degenerate relax- 
ation times, and a set of no + 1 + 2nb nondegenerate re- 
laxation times. The degenerate relaxation times are 
identical with those found in a regular star with nb beads 
per branch, and the nondegenerate relaxation times are 
roughly the same as those found in a linear chain with no 
+ 2 + 2nb beads, when computed at  the same h*. Their 
spectral breadths can be quite different and are described 
by eq 19 and roughly by eq 18 (with no + 2 + 2nb sub- 
stituted for no), respectively. The longest relaxation time 
is always nondegenerate and is substantially larger than 
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all others when nO/nb >> 1. The shortest when no = 0, or 
the two shortest when no > 0, are also nondegenerate and 
distinctly separated from the rest of the spectrum. The 
presence of the two shortest modes, when n, > 0, is difficult 
to distinguish; they seldom differ by more than 4% and 
appear as a single, nondegenerate line. 

The reduced properties of regular H chains depend on 
no, nb, and h*. The effects of no, the number of backbone 
beads between the two branch sites, are shown in Figure 
6 for several chains with nb = 20 and h* = 0.15. Also 
shown are predicted properties of a four-arm regular star 
(f = 4, nb = 20, h* = 0.15) to demonstrate the starlike 
character of regular H chains when nO/nb << 1; its reduced 
magnitude and angle curves, represented by broken lines 
(short dashes), are virtually the same as that of the regular 
H chain with no = 0. Similarly, the properties for a linear 
chain (no = 842, h* = 0.15) are also included to show the 
linear-chain character of regular H chains when nO/nb >> 
1; the magnitude and angle curves are again represented 
by broken lines (long dashes), and the curves superpose 
with those of the regular H chain with no = 800. Unique 
characteristics of regular H chains are best found for 0.5 
C nO/nb C 5. As no/nb increases from 0 to 1, the steepness 
of the low-frequency transition zone in the reduced angle 
drops, the level of the plateau region remains roughly the 
same, and the plateau breadth increases. As nO/nb ap- 
proaches 2, the plateau region is displaced to higher re- 
duced frequency and a second, lower level plateau appears 
at low frequency. The level and breadth of the high-fre- 
quency plateau do not change since they are primarily 
controlled by the degenerate relaxation times. The low- 
frequency plateau actually appears a t  a level below that 
of a long linear chain for the same h*, and its breadth 
extends with increasing nO/nb but never exceeds much 
more than a decade of frequency. As no/nb increases to 
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Figure 9. Effect of on predicted properties for regular combs. 
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Figure 10. Effect of nb on predicted properties for regular combs. 

10, the levels of both plateaus approach those of linear 
chains. The same features are also visible in Figure 7 
which illustrates the effects of varying nb, the number of 
beads in each of the four branches, at no = 20 and h* = 
0.15. However, more of the chains shown here are starlike 
than those in Figure 6. Note that the reduced angle of 
regular H structures always monotonically increases with 
increasing frequency. 

The effects of h* on the dynamic properties of regular 
H structures are shown in Figure 8. The chain chosen for 
this illustration has an nO/nb ratio of 5 to ensure the ap- 
pearance of a two-level plateau in the reduced angle. As 
before, increasing h* redistributes and decreases the 
spacings between the relaxation times. The breadths of 
both plateau regions shorten and their levels drop. 

To fit data for monodisperse samples of regular H chains 
one would again use the h* established for the polymer/ 
solvent system from dynamic data for linear chains. The 
values of nb and no + 1 + 2nb would then be found by 
fitting the breadth of the high-frequency plateau and the 
breadth of the whole plateau region, respectively. Again, 
it should be verified that the fit parameters also describe 
the frequency dependence of the reduced magnitude. 
Samples with polydispersities in no, or in nb, even at small 
levels, will degrade the fit. In addition, it will be difficult 
to unambiguously ascertain the chain geometry from dy- 
namic data when nO/nb is extremely small or large; for 
these cases the data should be fit by using predictions for 
four-arm regular stars or linear chains, respectively. 

D. Regular Combs. Predicted dynamic properties of 
regular combs are shown in Figures 9-12. Their properties 
can be similar to those of f-armed regular stars or linear 
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Figure 12. Effect of h* on predicted properties for regular combs. 

chains, but more often they have their own unique char- 
acteristics. The most striking difference is the two-level 
plateau region in the reduced angle. These levels are most 
distinct when h* is small and when the chain is highly 
branched cf > 10) and the branches are not extremely long 
or short (0.2 < nO/nb < 5). The reduced angle also has a 
strong dependence on f when such two-level plateaus are 
present. This dependence on f, in contrast to that pre- 
dicted for regular stars, should enable the degree of 
long-chain branching in combs to be characterized at much 
higher levels. 

The reduced properties of regular combs depend on f, 
no, nb, and h*. Their relaxation time spectrum is usually 
composed of nondegenerate times. Some doubly degen- 
erate modes do occur and occasionally one mode in the 
free-draining limit can be cf - 1)-fold degenerate (see Figure 
12). The most degenerate modes are found when no = nb. 
In this case nb of the modes are doubly degenerate; the 
degenerate modes only depend on nb and h* and are 
identical with the degenerate modes of regular star and 
H chains. Other degenerate modes are observed when 
nO/nb is an integer and f, no, and nb share a common in- 
teger factor; these modes always have short relaxation 
times. The overall breadth of the relaxation time spectrum 
is controlled by the longest contiguous span within the 
chain. This span is composed of (f - l ) (no + 1) + 2nb or 
f(no + 1) + no - 1 springs, depending on whether no is less 
or greater than nb. Equation 18 provides good estimates 
of the breadth when NSw is substituted for no. The longer 
relaxation times are always nondegenerate; their spacings 
decrease as the chains become more starlike (h << nb). For 
starlike chains a group off - 1 relaxation times is distinctly 
separated from the others and as a group dominates the 
low-frequency properties. For all other combs the spacings 
of the first few modes are roughly that found in linear 
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chains composed of Ne- springs and computed with the 
same h*. The shortest relaxation times are separated from 
the others and are always nondegenerate. The number of 
such modes is either f - 2 or f depending on whether no 
= 0 or no > 0; their values are all quite similar and fre- 
quently this set of shortest modes appears as a single line 
in the drawn spectra. The separation of this group of 
modes from the others on the reduced frequency axis is 
similar to that found for three-arm stars when computed 
for the same h*. These features are consistent with the 
observation that a short relaxation time, separated from 
the other modes, occurs for each branch site with a func- 
tionality of 3 or more and is smaller by a factor propor- 
tional to its functionality. 

The effects of no, the number of backbone beads be- 
tween adjacent branch sites (and the number of beads from 
the end of the backbone to the first branch site), on the 
frequency dependence of [ s * ] A / [ s o ] A  are shown in Figure 
9 for combs with f = 16, nb = 20, and h* = 0.15. Included 
in this figure are the properties of a regular star cf = 16, 
nb = 20, h* = 0.15) and a linear chain (no = 1716, h* = 
0.15) to show that the reduced properties of some regular 
combs may be difficult to distinguish from those of simpler 
chain geometries. The frequency dependence of [ s * ] A /  
[&)]A for the regular star (broken line) is essentially that 
of the comb with no = 0; only a small shift in the reduced 
frequency is required to make them superpose. Starlike 
character in combs always arises when nO/nb << 1. Like- 
wise the frequency dependence of [ s* j A/ [So] A for the linear 
chain (broken line) closely approximates that of the comb 
with no = 100. The reduced properties become indistin- 
guishable from those of linear chains when h/nb >> 1. The 
characteristic two-level plateau region in the reduced angle 
is best observed in Figure 9 for combs with no = 10, 20, 
or 40. For the same f and h*, the higher level, high-fre- 
quency plateau shifts to higher reduced frequency as h/nb 
increases; its breadth, controlled by the intrachain length 
of 2nb + no + 1 springs, also increases, while its level re- 
mains constant. Concomitantly, as nO/nb increases, the 
lower level, low-frequency plateau increases in breadth and 
rises in its level. The breadth is roughly controlled by the 
intrachain length of f ( h  + 1) springs when f h  >> nb. Many 
of these same features are also visible in Figure 10, which 
illustrates the dependence of the dynamic properties on 
nb, the number of beads per branch, for regular combs (f 
= 10, no = 20, h* = 0.15). This plot best illustrates the 
dramatic changes occurring in the low-frequency transition 
zone of reduced angle as starlike behavior is approached. 

The effects off, the number of branches attached to the 
backbone, are illustrated in Figure 11. Here chains have 
a nO/nb ratio of 0.5 so that the characteristic two-level 
plateau of combs can be seen. As f increases from 2 to 128, 
the level of each plateau region and the breadth of the 
high-frequency plateau remain approximately invariant. 
Only the breadth of the low-frequency plateau increases; 
it is primarily controlled by the intrachain length f(no + 
1) and hence has a strong dependence on f. This depen- 
dence on f is much stronger than that predicted for regular 
stars and suggests an excellent potential for use of solution 
dynamics for characterizing the degree of branching in 
highly branched regular combs. 

The degree of hydrodynamic interaction affects the 
properties of regular combs in much the same manner as 
for other geometries as is illustrated in Figure 12 (no = 5, 
n b  = 10, f = 32). As h* increases, relaxation time spacings 
rearrange and the overall spectral breadth decreases. As 
a result the level of each plateau drops and their breadths 
narrow. 
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Figure 14. Comparison of properties for linear chains (solid lines) 
and rings (broken lines). The reduced properties for a linear chain 
(no = 51) fit the properties for a ring (no = 102) best when h* is 
small. 

Model parameters f, no, and nb are assigned to fit 
measured properties of regular combs after h* has been 
established for the polymer/solvent system on the basis 
of results for linear chains. The data are first inspected 
for characteristics of linear chains or regular stars. If either 
is present, the properties are fit to these simpler structures 
as outlined in previous sections. Otherwise, the breadth 
of the high-frequency plateau establishes the intrachain 
length of 2nb + no + 1 springs, while the level and breadth 
of the low-frequency plateau establish the no/nb ratio and 
f, respectively. Sample polydispersity in f, no, or nb will 
make the assignment of each parameter more difficult. 
The effects of randomly attaching f branches along the 
straight-chain backbone is also not well understood. 
However, it is kn0wn~9~~  that the predictions for regular 
combs are a t  least semiquantitatively correct for the OFB 
properties of randomly branched combs. 
E. Rings. Figures 13 and 14 show predictions of the 

solution properties for rings and linear chains. The re- 
laxation time spectra of rings25p35 is composed of (no - 1)/2 
or (no - 2)/2 doubly degenerate modes depending on 
whether no is odd or even, respectively. All the modes are 
degenerate when no is odd, but one mode is nondegenerate 
when no is even. The longest mode is always degenerate 
and is substantially larger than the others when no > 200. 
The smallest is degenerate (no odd) or nondegenerate (no 
even). The reduced properties are functions of no and h*. 
The number of beads in the chain no is proportional to the 
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contour length of the chain. The effects of no on the 
frequency dependence of [ s * ] , / [ s o ] A  are shown in Figure 
13 for h* = 0.15. As for linear chains, increasing no in- 
creases the number of the relaxation times and the breadth 
of the spectrum and thus enlarges the breadth of the 
single-level plateau region of the reduced angle. The ef- 
fects of h* are shown in Figure 14. Increasing h* redis- 
tributes the spacings of the relaxation times and com- 
presses the spectral breadth, which lowers the level and 
reduces the breadth of the plateau region of the reduced 
angle. The level of the low-frequency portion of the pla- 
teau region depends only on h* for large chains (no > 200); 
it drops about 10" at  wrl = 10 as h* increases from 0 to 
0.30. 

The spacings of the longer relaxation times depend 
primarily on h* when no > 200. Such spacings for chains 
of finite size agree well with those reported at the two 
draining limits by Bloomfield and Zimm25 for infinitely 
long rings. They found the T ~ / T ,  ratios for the first six 
modes to be 

1, 4, 9, 16, 25, 36, ... for h* = 0.00 

and 
1, 2.90, 5.36, 8.29, 11.16, 15.27, ... for h* = 0.25 

As for linear chains, r1 exceeds the other 7, by a factor of 
about 3 or more. 

The breadth of the relaxation time spectrum may be 
estimated at  the two draining limits for long chains. Ex- 
pressions for AI at both limits and AN for the free-draining 
limit are given by Bloomfield and Zimm. The value of AN, 
2.29, a t  the non-free-draining limit (h* = 0.25) is taken 
from our computations for chains of finite size and no > 
200. Combining these results yields 

r1/7N (1/r)2n02 for h* = 0.00; no > 100 
N 0.172n01.5 for h* = 0.25; no > 100 

(20) 

The exponent diminishes from 2 to 1.5 and the prefactor 
rises from 0.101 to 0.172, as h* increases from 0.00 to 0.25; 
both limiting power-law relationships indicate that the 
breadth has a much stronger dependence on no than on 
h*. Comparison of these spectral breadths to those of 
linear chains, eq 18, indicates that those of linear chains 
are larger by a factor of 3.3-4.0. 

Assigning model parameters to fit the dynamic prop- 
erties of monodisperse samples of rings follows the same 
procedure used for linear chains. The method works best 
when dynamic data are available for a set of ring samples 
with the same repeat unit but with differing molecular 
weights. h* is ascertained from the level of the low-fre- 
quency portion of the plateau region of the high molecular 
weight samples; no is then adjusted until the breadth of 
the plateau region is fit. Small amounts of polydispersity 
are expected to effect only the assignment of no. 

The frequency dependences of [ S * ] A / [ S o ] A  for ring and 
linear chains are very similar when the ring is composed 
of twice as many beads. This can also be seen in Figures 
13 and 14. The properties are most similar when h* and 
chain length are small; then the properties for rings 
(broken lines) superpose on those for linear chains (solid 
lines). The strong similarity of such properties poses a 
problem in the identification of chain geometry for an 
unknown sample. For this case, the properties of the 
unkown should be compared to those of a set of mono- 
disperse samples of linear standards used to assign the 
value of h*. First, an no is found to fit the dynamic data 
by using BSM predictions for linear chains. Second, the 
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Figure 15. Effect of n,, on predicted properties for regular cyclic 
combs. Curves corresponding to the top spectrum (a regular star) 
are drawn with short broken lines. Curves corresponding to the 
linear chain are drawn with long broken lines. 
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Figure 16. Effect of nb on predicted properties for regular cyclic 
combs. Curves corresponding to the top spectrum (nb = 1) are 
drawn with short broken lines. Curves corresponding to the 
bottom spectrum (nb = 100) are drawn with long broken lines. 

relationship between the no and molecular weight of the 
unknown (obtained from an auxiliary experiment such as 
light scattering) is compared to that for linear standards. 
The chain geometry of the unknown sample is linear when 
M/no is consistent with the standards; it has ring geometry 
when M/no  is twice that expected for linear chains. The 
relationship between [ S O I A  and no could also be used to 
determine chain geometry with a similar procedure; this 
method would avoid determining the molecular weight of 
the unknown sample by a separate experiment. For this 
case [ S o ] &  for linear chains would be 1.5-2.0 times larger 
than that for rings at  the same no. The factor depends on 
h* and only weakly on no when no > 100. The factor 
monotonically rises as h* decreases; the two extremes 
represent the two draining limits. 

The strong similarity of the properties of linear and ring 
chains is advantageous for fitting the properties of long 
linear chains since laborious numerical computations of 
the A, can be avoided. The properties can be fit with 
predictions for rings based on A, computed with a recently 
reported simple closed-form expression.% The true no for 
the linear chain is then well approximated by dividing the 
no obtained from this fit by two. 

F. Regular Cyclic Combs. Solution properties of 
regular cyclic combs are predicted in Figures 15-18. These 
chains have f arms (nb beads per arm) attached at  equal 
intervals around a cyclic backbone of f(no + 1) beads. The 
frequency dependence of [ s * ] A /  [ S O I A  for cyclic combs is 
very similar to that for regular combs when computed for 
the same f ,  nb, and h*, but with twice the no. Hence such 



3284 Sammler and Schrag 

1 co 

0 1 6 '  
n 

4 v,= .0-2 

Y 

\ 

4 
I 

n 10.' 

v) 10.' 
L-i 

1 0  

~ - 2  1 2 "  - 2  1 2  : 5  

0 71 
Figure 17. Effect off on predicted properties for regular cyclic 
combs. 

1 oo 100" 

n n 

4 
0 10.' 80" no 

4 C O d  

2c"= 

(1 

v,= r o - 2  6 0 ' z  

I 
U 

Q 

' -3  

= - I  

- 10 
4 

v, 10 
L---l 

I 
1c 0" 

4 1 c6 
G 3  * 32  0 

- 2  
1 -  

0 71 
Figure 18. Effect of h* on predicted properties for regular cyclic 
combs. 

properties appear like those for f-armed regular stars when 
nO/nb << 1 and like linear chains when nO/nb >> 1, or they 
have a characteristic two-level plateau in the reduced angle 
when the chain has many branches (f > 10) and the 
branches are not extremely long or short (0.4 C nO/nb < 
10). The properties of cyclic combs also have a strong 
dependence on f, which again predicts that the degree of 
branching can be characterized for highly branched chains. 

The assignment of model parameters, f, n,,, and nb, when 
fitting dynamic properties for monodisperse samples of 
regular cyclic combs, parallels that for combs. The only 
differences are that the breadth of the high-frequency 
plateau region is used to establish the intrachain length 
of (no + 1)(1 - f - ' )  + 2nb equivalent springs, and the 
breadth of the entire (two-level) plateau is used to roughly 
establish the intrachain length [(no + l)(f- 1)/2 + 2nb or 
(no + l)f/2 + 2nb when f is odd or even, respectively]. 

G. Identification of Chain Geometry. The chain 
geometry of an unknown homopolymer sample is predicted 
to be identifiable in the following way if it has one of the 
six simple geometries. First, the absence of sample poly- 
dispersity should be verified by determination of the ab- 
solute number- and weight-average molecular weights (*,, 
and A&) from osmometry and light-scattering experiments; 
a relative characterization of both molecular weight av- 
erages by size exclusion chromatography experiments 
would also be sufficient. Second, the dynamic properties 
should be measured over a range of shearing frequencies 
sufficient to fingerprint the low-frequency transition zone 
and the complete plateau region and then extrapolated to 
infinite dilution as outlined in section 1I.B. The chain 
geometry would be identified as linear, ring, or regular star 
if the plateau region of the measured properties has a 
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single level; i t  would be identified as a regular star, a 
starlike regular comb, or a starlike regular cyclic comb if 
the low-frequency portion of the plateau region has a local 
minimum and maximum; it would be identified as a reg- 
ular H, regular comb, or regular cyclic-comb chain if the 
plateau region has two levels. (If no plateau is observed 
and the reduced angle changes from 0 to 90° in less than 
three decades of shearing frequency, the chain is probably 
too small to determine its geometry.) Any further dif- 
ferentiation between chain geometries requires the 
availability and analysis of several samples of linear chains 
that have the same repeat unit as the unknown and that 
cover a reasonably wide range of molecular weights. The 
dynamic properties of these linear samples would be 
measured in the same solvent as the unknown and then 
used to ascertain the degree of hydrodynamic interaction 
appropriate for this polymer/solvent system. Regular stars 
would then be differentiated from linear chains and rings 
at this h* by the higher levels of their plateau regions in 
the reduced angle; rings would be differentiated from linear 
chains with [SolA and no as detailed in section 1V.E. 
Differentiation among starlike chains with local extrema 
in the reduced angle would be the most difficult; it is 
probable that these chains can only be simply character- 
ized as regular stars. Regular comb and cyclic-comb chains 
would be differentiated from regular H chains from esti- 
mates of the degree of branching. If the value off required 
to fit the data with regular-comb predictions exceeds 2, 
the unknown is a comb or cyclic comb structure; otherwise 
the data should be fit to the predictions for regular H 
chains because they are simpler than the others. Differ- 
entiation between regular combs and cyclic combs would 
require knowledge of [SolA and n,. The method parallels 
that used to discern linear from ring chains. All of the 
above procedures presume that enough is known about the 
synthesis of the sample to assure it has one and only one 
of the six simple geometries. Otherwise, even though the 
solution properties might be well fit by predictions for one 
chain geometry, that geometry would not be confirmed 
absolutely. At  best, the data could be reported as being 
consistent with this geometry. 

V. Conclusions 
Measurements of the frequency dependence of [S*], or 

[77*IA are predicted to be very useful in characterizing the 
long-chain structure of monodisperse samples of flexible 
homopolymers. These solution properties enable the 
identification of chains with linear, regular star, regular 
H, regular comb, ring, or regular cyclic-comb geometries 
subject to the restrictions summarized in section 1V.G. 
Some identifications will require additional measurements 
of a few molecular weight standards with linear geometry 
and the same repeat unit to aid the interpretation. Fur- 
thermore, after one of these chain geometries is established, 
the number of branches attached to the backbone, the 
spacing between branch sites on the backbone, and the 
sizes of the branches and backbone can also be charac- 
terized, in general. The only predicted limitation is the 
evaluation (from the "high-frequency" subplateau) of the 
number of branches at a branch site when its functionality 
exceeds 8. This limitation is seen in regular stars and 
starlike combs or cyclic combs where the f arms are es- 
sentially attached at  the same site. (A subsequent pub- 
lication4I with BSM predictions of regular brushes-regular 
combs but with each branch site having a functionality of 
3 or more-will demonstrate that the level of the "low- 
frequency" plateau should be useful for characterizing the 
functionality of branch sites at higher levels (<50).) The 
degree of hydrodynamic interaction has only a small effect 
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on the characterization of such long-chain structure. In- 
creasing h* always shortens the breadth and lowers the 
level of the plateau region of the reduced angle. This result 
indicates that characterization is best when h* is small and 
hence favors the measurement of dynamic properties in 
good solvents. 

In addition, the low-shear-rate dynamic properties of 
starlike combs or cyclic combs are predicted to be so sim- 
ilar to those of regular stars that these structures, which 
are less sterically hindered and thus easier to synthesize, 
could be substituted for regular stars. Likewise, the 
properties for combs or cyclic combs with na/nb >> 1 and 
those for rings appear very much like those for linear 
chains, but here there is no synthetic advantage because 
the linear chains are simpler to make. On the other hand, 
for those fitting dynamic data, the similarity between the 
properties of linear chains and rings with twice the contour 
length is advantageous. The properties of rings can be 
computed much more efficiently with the recently pub- 
lished closed-form eigenvalue expressions valid for all h*. 
All predictions reported here, or carried out to date, are 
consistent with the relaxation time spectrum breadth de- 
pending on the length of the longest contiguous span 
within the chain; hence for chains composed of the same 
number of springs, the widest spectral breadths are asso- 
ciated with chains having the fewest branches and/or rings. 
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